We apply a local differential geometric framework from Kähler toric geometry to (re)construct Calabi's extremal Kähler metrics on CP n blown-up at a point from data on the moment polytope. This note is an addendum to [Raz04a].
RECOLLECTION OF RELEVANT RESULTS
Using a construction from symplectic toric geometry (see §1 of [Raz04a] ) we proved the following Theorem 1 ([Raz04b] ). Suppose T n acts on C n (with its fixed standard symplectic structure) via the standard linear action so that the moment polytope ∆ C n of the moment map corresponding to this action is the positive orthant R n 0 in R n ∼ = (R n ) * with standard symplectic (action) coordinates (x 1 , . . . , x n ) = 1 2 (|z 1 | 2 , . . . , |z n | 2 ). Now consider the SU(n)invariant Kähler metric h f on C n \ {0} determined by the standard complex structure on C n and the Kähler potential f (s). Then there exists a Kähler isometry between the Kähler manifold (C n \ {0}, h f ) and the Kähler manifold (C n \ {0}, h g ) where h g is the SU(n)invariant Kähler metric on C n \ {0} determined by the standard symplectic structure on C n and the symplectic potential
which is a smooth function defined on the interior
) which we call the t-ptential of (1). Furthermore, the scalar curvature of h g (and hence of h f ) is given (in the coordinates x) by
Conversely, any function of the form g(x) on ∆ • C n with F(t) satisfying F ′′ (t) > −t −1 determines such a Kähler metric.
Note that SU(n)-invariant Kähler metrics on C n \ {0} are in fact U(n)-invariant which is why the above result comes about. Motivated by the discussion in §3 of [Abr03] and the example in §6 of [Abr98] we shall now use this theorem to (re)construct a family extremal Kähler metrics on certain CP 1 bundles over CP n−1 originally identified by Calabi [Cal82] . for i = 1, . . . , n i.e. its scalar curvature
CALABI'S EXTREMAL KÄHLER METRICS ON CP
is an affine function of x. Here G i j is the (i, j)th entry of inverted hessian matrix G −1 of g.
In §3, pp.278-88 of [Cal82] Calabi constructed extremal Kähler metrics of non-constant scalar curvature on certain CP 1 bundles over CP n−1 . Since the total space of these bundles is P(O(−1) ⊕ C) i.e. the projectivization of the direct sum of the tautologous line bundle over CP n−1 with the trivial line bundle, one may equally regard these manifolds as the blow-up of CP n at a point, CP n . Calabi constructed these metrics using a scalar curvature formula ((3.9) in §3 of [Cal82] ) for Kähler metrics on C n \ {0} (considered as an open set in these bundles) invariant under U(n) (the maximal compact subgroup of the group of complex automorphisms of these bundles) and then imposing the appropriate boundary conditions. This scalar curvature formula was
becomes of the extremely simple form (2). We will now (re)construct Calabi's metrics using (2) and working on the Delzant moment polytope ∆ CP n of the symplectic toric manifold CP n . Our motivation for doing this came from the discussion in §3 of [Abr03] .
2.1. The construction. ∆ CP n consists of n + 2 facets and these are determined by the affine functions 
where p = n(n + 1)(n + 2) and
for constants C, D. (7) is a general formula for the t-potential of any extremal metric on C n \ {0}. We denote by F CP n the t-potential of the extremal Kähler metrics we are after. By (1) the symplectic potential of these metrics is 2g
in the form (2.9) of Abreu's Theorem 2.8 in [Abr03] with the l i given by (6). Therefore h CP n (t) = F CP n (t) − ∑ n+2 i=n+1 l i log l i . Differentiating this twice gives
Thus a < t < b and the boundary conditions are that as t ↓ a and t ↑ b then
Consider the former condition. Let t = a + ε for small ε > 0 and ignore terms of O(ε 2 ) and above. Then (8) gives α = α a + O(ε 2 ) where α a = X a + εY a with (12) X a = na n+2 A + (n + 2)a n+1 B + paC + pD and (13) Y a = n(n + 2)Aa n+1 + (n + 1)(n + 2)Ba n + pC.
). An analogous calculation shows that pt n+1 − 2apt n + abpt n−1 = cpa n + cpa n−1 (n − 1)ε + O(ε 2 ). Hence (11) gives cpa n + cpa n−1 (n − 1)ε − cX a − cY a ε = −cpa n ε + cX a ε which rearranges into pa n + (pa n−1 (n − 1) + pa n )ε = X a + (X a + Y a )ε. Comparing coefficients shows that (14) X a = pa n and X a + Y a = pa n−1 (n − 1) + pa n i.e.
(15) Y a = (n − 1)pa n−1 .
The calculations for the second condition t ↑ b follow in similar way i.e. we consider t = b − ε for small ε > 0. By (8) we have that (12) and (13), respectively, with a replaced by b. A = (n+1)(n+2)((ab) n−1 (na 2 (n+1)+nb 2 (n−1)−2ab(n 2 −1))−2a 2n ) (ab) n (2n(n+2)ab−(a 2 +b 2 )(n+1) 2 )+a 2(n+1) +b 2(n+1)
, B = n(n+1)((ab) n−1 (a 2 (nb(n+2)−a(n+1) 2 )+b 2 (b(1−n 2 )+a(n 2 −4)))+3a 2n+1 +b 2n+1 ) (ab) n (2n(n+2)ab−(a 2 +b 2 )(n+1) 2 )+a 2(n+1) +b 2(n+1)
,
(ab) n (2n(n+2)ab−(a 2 +b 2 )(n+1) 2 )+a 2(n+1) +b 2(n+1) (cf. (3.13) in [Cal82] ). Substituting (18) into (7) and (9) gives the (second derivative of the) t-potential F CP n and the function h CP n of the extremal Kähler metrics, respectively. We conclude that Corollary 3. There exists a family of U(n)-invariant, extremal Kähler metrics on CP n and these are determined by the symplectic potential (9) on ∆ CP n where h CP n (t) is a smooth function on [a, b] given by (10) as determined by (18) . Furthermore, the scalar curvature of these Kähler metrics is S(g CP n ) = At + B with A, B as given by (18). 
